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Isothermal vertical plateAbstract An analytical study of free convection ﬂow near a parabolic started inﬁnite vertical plate
with isothermal in the presence of uniform mass ﬂux was considered. The mathematical model is
reduced to a system of linear partial differential equations for the velocity, the concentration and
the temperature; the closed form exact solutions were obtained by the Laplace transform technique.
The velocity, temperature and concentration proﬁles for the different parameters as thermal Gras-
hof number Gr, mass Grashof number Gc, Prandtl number Pr, Schmidt number Sc and time t were
graphed and the numerical values for the skin friction were as tabulated. It is observed that the
velocity is enhanced as the time increased and the velocity is decreased as the Prandtl number
increased.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Heat transfer problem on a continuous moving surface is very
important in many practical applications occurring in a num-
ber of engineering processes. Examples of processes include
continuous casting, extrusion of plastics and other polymeric
materials, bonding, annealing and tempering, cooling and/or
drying of paper and textiles, chemical catalytic reactors,
nuclear waste repositories, petroleum reservoirs, compositematerials manufacturing and many others, as reviewed in Refs.
[1–3]. The process of heat and mass transfer is encountered in
aeronautics, ﬂuid fuel nuclear reactor and many engineering
applications in which the ﬂuid is the working medium as
Ref. [4].
There are many applications for the parabolic motion such
as solar cookers, solar concentrators and parabolic trough
solar collector. A parabolic concentrator type solar cooker
has a wide range of applications like baking, roasting and dis-
tillation due to its unique property of producing a practically
higher temperature of nearly 250 C and hence it provides
inconvenience to the user due to high amount of glare. Solar
concentrators have their applications in increasing the rate of
evaporation of waste water, in food processing, for making
drinking water from brackish and sea water. It produces a high
temperature around 250 C and the food gets cooked in less
time [5]. A parabolic trough solar collector system will provide
Nomenclature
C0 species concentration in the ﬂuid
C dimensionless concentration
Cw wall concentration
C1 concentration far away from the plate
Cp speciﬁc heat at constant pressure
D mass diffusion coefﬁcient
Gc mass Grashof number
Gr thermal Grashof number
g accelerated due to gravity
k thermal conductivity
Pr Prandtl number
Sc Schmidt number
T temperature of the ﬂuid near the plate
TW temperature of the plate
T1 temperature of the ﬂuid far away from the plate
t0 time
t dimensionless time
u velocity of the ﬂuid in the x-direction
u0 velocity of the plate
U dimensionless velocity
X spatial coordinate along the plate
y0 coordinate axis normal to the plate
Y dimensionless coordinate axis normal to the plate
b volumetric coefﬁcient of thermal expansion
b* volumetric coefﬁcient of expansion with concen-
tration
l coefﬁcient of viscosity
t kinematic viscosity
q density of the ﬂuid
s dimensionless skin friction
h dimensionless temperature
g similarity parameter
erfc complementary error function
1318 R. Muthucumaraswamy, E. Geethawithin next decade a signiﬁcant contribution to efﬁcient,
economical, sustainable renewable and clean energy supply
with positive effect on environmental activities and it is
designed to concentrate sun rays via parabolic curved solar
reﬂectors onto a heat absorber element – a receiver- located
in the optical focal line of the collector [6].
Natural convection ﬂows are frequently encountered in
science and technological problems such as chemical catalytic
reactors, nuclear waste repositories, petroleum reservoirs, ﬁber
and granular.
Insulation, geothermal systems. Natural convection
induced by the simultaneous action of buoyancy forces from
thermal and mass diffusion is of considerable interest in many
industrial applications such as geophysics, oceanography,
drying processes and solidiﬁcation of binary alloy. Free
convection ﬂows occur not only due to concentration differ-
ence or the combination of these two. The study of combined
heat and mass transfer plays an important role in the design of
chemical processing equipment, nuclear reactors formation,
dispersion of fog, etc.
Pioneering work on heat and mass transfer was discussed
by Eckert and Drake [7]. Gebhart et al. [8] studied the natural
convection boundary layer ﬂow due to simultaneous heat and
mass transfer with various geometries. Mathematical modeling
of mass transfer and free convection current effects on
unsteady viscous ﬂow with ramped wall temperature was dis-
cussed by Marneri Narahari et al. [9]. Free convection ﬂow
past on a vertical plate has been studied extensively by Ostrach
[10]. Siegel [11] investigated the transient free convection from
a vertical plate. Bejan and Khair [12] have investigated the
vertical free convective boundary layer ﬂow embedded in a
porous medium resulting from the combined heat and mass
transfer. Mass transfer effects on free convection ﬂow of an
incompressible viscous dissipative ﬂuid have been studied by
Manohar and Nagarajan [13]. Sivaiah et al. [14] have been dis-
cussed on heat and mass transfer effects on MHD free convec-
tion ﬂow past vertical porous plate. Free convective about a
vertical plate embedded in a porous medium with application
to heat transfer was discussed by Cheng et al. [15]. AbdusSattar and Hamid kalim [16] investigated the unsteady free con-
vection interaction with thermal radiation in a boundary layer
ﬂow past a vertical porous plate. Radiation effects on an
unsteady MHD vertical porous plate in the presence of homo-
geneous chemical reaction were discussed by Anand Rao et al.
[17]. Free convection ﬂow past an impulsively started inﬁnite
vertical plate with Newtonian heating in the presence of ther-
mal radiation and mass diffusion was studied by Marneni
Narahari and Yunus Nayan [18]. Callahan and Marner [19]
gave a numerical solution for the problem of transient free con-
vection with mass transfer on an isothermal vertical plate.
Takhar et al. [20] considered the unsteady free convective ﬂow
over a semi-inﬁnite vertical plate. Shanker and Kishan [21] dis-
cussed the effects of mass transfer on the MHD ﬂow past an
impulsively started vertical plate with variable temperature or
constant heat ﬂux. Michiyochi et al. [22] have considered natu-
ral convection heat transfer from a horizontal cylinder to the
mercury under a magnetic ﬁeld. Ganesan and Rani [23] studied
the unsteady free convection on vertical cylinder with variable
heat and mass ﬂux. Gokhale and Samman [24] studied the
effects of mass transfer on the transient free convection ﬂow
of a dissipative ﬂuid along a semi-inﬁnite vertical plate with
constant heat ﬂux. Recently Vijaya et al. [25] had discussed
MHD free convective ﬂow past an exponentially accelerated
vertical plate with variable temperature and variable mass dif-
fusion. The effect of a incompressible viscous ﬂuid ﬂow past on
a parabolic started isothermal vertical plate in the presence of
uniform mass ﬂux has not been studied in the literature.
In the present work, it is proposed to study under the
presence of uniform mass ﬂux on the parabolic started isother-
mal vertical plate in the incompressible viscous ﬂuid is consid-
ered. The dimensionless governing equations are solved using
the Laplace transform technique. The solutions are obtained
in terms of exponential and complementary error functions.
2. Mathematical analysis
The unsteady ﬂow of a viscous incompressible ﬂuid past an
impulsively started isothermal vertical plate with constant heat
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Figure 1 Concentration proﬁles for different values of Sc when
t= 0.2.
Effects of parabolic motion on an isothermal vertical plate with constant mass ﬂux 1319ﬂux is studied. The x0 axis is taken along the plate in the
vertically upward direction and the y axis is taken normal to
the plate. Initially the plate and ﬂuid are at the same tempera-
ture T1 and concentration C
0
1. At time t
0 > 0, the plate is
given a parabolic motion in the vertical direction against
gravitational ﬁeld with constant velocity u0t
02 in a ﬂuid with
constant mass ﬂux. At the same time the plate temperature is
raised to Tw and also the level of concentration is raised to
CW0. The ﬂuid considered is a gray, absorbing – emitting
radiation but a non – scattering medium. Then by usual
Boussinesq’s approximation, the unsteady ﬂow is governed
by the following equations.
@u
@t0
¼ gbðT T1Þ þ gbðC0  C01Þ þ m
@2u
@y2
ð1Þ
qCp
@T
@t0
¼ k @
2T
@y2
ð2Þ
@C0
@t0
¼ D @
2C0
@y2
ð3Þ
With the following initial and boundary conditions
u ¼ 0; T ¼ T1;C0 ¼ C01; for all y;t0  0:
t0 > 0; u ¼ u0t02;T ¼ Tw; @C0@y ¼  j
00
D
at y ¼ 0
u! 0;T! T1;C0 ! C01 As y!1
ð4Þ
On introducing the following non-dimensional quantities:
U ¼ u u0
m2
 1=3
; t ¼ u
2
0
m
 1=3
t0; Y ¼ y u0
m2
 1=3
;
h ¼ T T1
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C0  C01
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Du
1=3
0
; Gr ¼ gbðT T1Þ
ðmu0Þ1=3
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k
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In Eqs. (1)–(4) leads to
@U
@t
¼ Grhþ GcCþ @
2U
@Y2
ð6Þ
@h
@t
¼ 1
Pr
@2h
@Y2
ð7Þ
@C
@t
¼ 1
Sc
@2C
@Y2
ð8Þ
The initial and boundary conditions in non dimensional quan-
tities are
U ¼ 0; h ¼ 0;C ¼ 0 For all Y; t 6 0
t > 0;U ¼ t2; h ¼ 1; @C
@Y
¼ 1 at Y ¼ 0
U! 0; h! 0;C! 0 As Y!1
ð9Þ
The dimensionless governing Eqs. (6)–(8) and the correspond-
ing initial and boundary conditions (9) are tackled using
Laplace transform technique.
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Where a ¼ Grð1 PrÞ ; b ¼
Gc
3
ﬃﬃﬃﬃﬃ
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p ð1 ScÞ ð13Þ2.1. Skin friction
The non-dimensional form of skin friction is given by
s ¼ 1
2
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ﬃﬃﬃﬃﬃ
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p
Þ
#
ð14Þ3. Results and discussion
As a result of the numerical calculations, the dimensionless
velocity, temperature and concentration distributions for the
ﬂow under consideration are obtained and their behavior have
been discussed for variations in the governing parameters viz.,
Schmidt number, Thermal Grashof number, Mass Grashof
number, Prandtl number and time.
The effects of various thermo physical parameters on the
ﬂuid concentration are illustrated in Figs. 1 and 2. Fig. 1
depicts the curve of the concentration proﬁle against span wise
coordinate g for various values of Schmidt number Sc. It is
observed that all other participating parameters are held con-
stant and the concentration of the ﬂuid is enhanced with the
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Figure 2 Concentration proﬁles for different values of t when
Sc = 0.16.
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Figure 4 Velocity proﬁles for different values of Pr at t= 0.2.
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Figure 5 Velocity proﬁles for different values of Pr at t= 0.4.
1.2
1.4
Pr=0.71
1320 R. Muthucumaraswamy, E. Geethadecreasing value of Schmidt number. This causes the concen-
tration buoyancy effects to decrease yielding a reduction in
the ﬂuid velocity. A reduction in the concentration distribution
is accompanied by simultaneous reduction in the concentra-
tion boundary layer. Fig. 2 depicts the curve of the concentra-
tion proﬁle against span wise coordinate g for various values of
time and all other participating parameters that appear in the
concentration proﬁle are held constant.
The effects of the Prandtl number on the ﬂuid temperature
are depicted in Fig. 3. It depicts the curve of the temperature
proﬁle against span wise coordinate g for the different values
of Prandtl number. It reﬂects that an increase in the Prandtl
number results a decrease of the thermal boundary layer thick-
ness and in general lower average temperature within the
boundary layer. The reason is that smaller values of Prandtl
number are equivalent to increase in the thermal conductivity
of the ﬂuid and therefore, heat is able to diffuse away from the
heated surface more rapidly for higher values of Prandtl
number. Hence in the case of smaller Prandtl number as the
thermal boundary layer is thicker and the rate of heat transfer
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Figure 3 Temperature proﬁles for different values of Pr when
t= 0.2.
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Figure 6 Velocity proﬁles for different values of t.The inﬂuences of the thermo physical parameters on the
ﬂuid velocity are discussed in Figs. 4–10. Figs. 4 and 5 depict
the curve of the velocity proﬁle against span wise coordinate
Figure 7 Comparison of velocity proﬁles for different values of
Sc.
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Figure 8 Velocity proﬁles for different values of Sc at t= 0.4.
0 0.5 1 1.5 2 2.5 3 3.5
0
0.2
0.4
0.6
0.8
1
1.2
1.4
η
U
15
10
5
Gr
Pr=0.71
Gc=5
t=0.2
Sc=0.16
Figure 9 Velocity proﬁles for different values of Gr at t= 0.2.
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Figure 10 Velocity proﬁles for different values of Gc at t= 0.2.
Table 1 Skin friction proﬁles for air.
t Gr Gc Sc Pr s
0.2 2 5 0.6 0.71 0.529559
0.2 5 5 0.16 0.71 7.013447
0.2 5 5 0.6 0.71 1.962240
0.2 5 5 2.01 0.71 1.526491
0.2 5 10 0.6 0.71 2.689726
0.4 5 5 0.6 0.71 3.010872
0.6 5 5 0.6 0.71 3.854962
Effects of parabolic motion on an isothermal vertical plate with constant mass ﬂux 1321g for the different values of Prandtl number at time t= 0.2
and t= 0.4 respectively. It is observed that an enhancement
in the Prandtl number results the decrease in the velocity
within the boundary layer. Fig. 6 illustrates the behavior of
the velocity for different values of t. It is found that thevelocity increases with an increase in time t and all other
participating parameters that appear in the velocity proﬁle
are held constant.
In order to check the accuracy of the present study, the
computed values of the velocity are compared with available
solutions in the literature. The velocity proﬁles for different
values of Prandtl number at time t= 0.2 are calculated and
the results are compared with the available solutions of Das
et al. [26]. The present results are agreed very well with the
available solutions and the same presented in Fig. 7. Fig. 8
depicts the curve of the velocity proﬁle against span wise coor-
dinate g at time t= 0.4. Here the ﬁgure is drawn for different
values of Schmidt number by keeping all other participating
parameters that appear in the velocity proﬁle are constant. It
is obvious that there is an enhancement in the velocity proﬁle
results in the Schmidt number within the boundary layer.
Fig. 9 depict the curve of the velocity proﬁle against span
wise coordinate g for the different values of thermal Grashof
number. The thermal Grashof number signiﬁes the relative
effect of the thermal buoyancy force to the viscous hydrody-
namic force in the boundary layer. It is observed that there
is a rise in the velocity due to the enhancement of the thermal
Grashof number and all other parameter are held constant.
For various values of the mass Grashof number the velocity
proﬁles are plotted in Fig. 10. The ﬁgure depicts the curve of
the velocity proﬁle against span wise coordinate g and all other
participating parameters are held constant. The mass Grashof
number deﬁnes the ratio of the species buoyancy force to the
Table 2 Skin friction proﬁles for water.
t Gr Gc Sc Pr s
0.2 2 5 0.6 7 0.869746
0.2 5 5 0.16 7 2.343194
0.2 5 5 0.6 7 1.284966
0.2 5 5 2.01 7 0.606101
0.2 5 10 0.6 7 2.012452
0.4 5 5 0.6 7 2.053091
0.6 5 5 0.6 7 2.681936
1322 R. Muthucumaraswamy, E. Geethaviscous hydrodynamic force. It is observed that the velocity
increases with increasing value of the mass Grashof number.
The variation of the skin friction for air (Pr = 0.71) and
water are shown in Tables 1 and 2 for various values of the
governing parameters. It is observed that there is an increase
in the thermal Grashof number results skin friction sup-
pressed. Also there is an enhancement in mass Grashof num-
ber shows skin friction decreases. The skin friction decreases
for the increasing values of time. The skin friction increases
with an increasing value of Schmidt number.
4. Conclusion
The problem of unsteady free convection of an incompressible
viscous ﬂuid on a parabolic started isothermal vertical plate in
the presence of constant mass ﬂux was analyzed. The governing
equations were solved by the Laplace transform technique. The
effect of the governing parameters viz., Schmidt number, ther-
mal Grashof number, mass Grashof number, Prandtl number
and time is studied in detail graphically and also the numerical
values of skin friction are given in table. It was observed that
there is an enhancement in the velocity due to the increase in
time or thermal Grashof number or mass Grashof number.
Increasing Prandtl or Schmidt number leads to a decrease in
the velocity proﬁle. When the Prandtl number increase the tem-
perature decreases. The increasing values of the concentration
leads to a decrease in the Schmidt number. The Skin friction
decreases for the increasing values of time or thermal Grashof
number or mass Grashof number. The Skin friction increases
with an increasing value of Schmidt number.
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